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ABSTRACT
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We calculate the vacuum energy in quantum graphs. Vacuum eigy arose
in quantum physics but has an independent mathematical intest as a functional
carrying information about the eigenvalue spectrum of a siam. A quantum graph
is a metric graph with a Hamiltonian applied to it, and recentresearch in quantum
graphs has been directed towards their eigenvalue statis$i Quantum graphs provide
an interesting model, intermediate between one-dimensianand higher-dimensional
systems, in which we can study aspects of vacuum energy. Inder to nd the
expression for vacuum energy, we use two methods: direct quutation with the
trace formula and the method of images (i.e. multiple re egdbn). The latter method
also directly gives the vacuum energy density. Both methodse done heuristically for
star graphs then rigorously for general graphs. We also diss some properties of the
vacuum energy in quantum graphs including: repulsive Casimforces, convergence

and continuity in bond lengths.
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CHAPTER |

INTRODUCTION

In what is to follow, we discuss vacuum energy in the contextf quantum graphs. In

this chapter we discuss some of the motivation for our work drnthe general results.
In chapter II, we discuss the de nitions and notation that wil be used. In chapter III,

we concentrate our analysis on quantum star graphs using neoheuristic arguments
to obtain results expounded upon in later chapters. We alsoake some observations
and make reference to the recent paper [1] for some conse@easnof vacuum energy
in star graphs. In chapter IV, we make the trace formula appch given in section
[11.B rigorous. We also discuss how our vacuum energy expsasn converges and is
continuous in the lengths of the bonds. In chapter V, we makdéé method of images
rst given in section I11.C rigorous, and it derives the sameexpression for the vacuum
energy as in chapter IV. In addition, it also provides an exm@ssion for the vacuum

energy density.

A. Motivation

Vacuum energy has theoretical background in quantum eld thory, and was rst
shown by Casimir [2] to have an observable e ect on two perfige conducting parallel
plates, causing them to attract. Since then, di erent physial geometries have been
suggested and various experiments have con rmed the e eaté vacuum energy, and
there have been various reviews of the literature on vacuunmergy [3, 4, 5]. In our
manuscript, we use quantum graphs as models for various mathatical aspects of

vacuum energy.

This thesis follows the style and format of thdNew Journal of Physics



The equations of interest in the study of vacuum energy are tise given by free

space Hamiltonians with boundarie's

H

SN

n; (1.1)

whereH is the Hamiltonian for the system (for example, it can be theegative Lapla-
cian) and ! , is an eigenfrequency associated with the eigenfunction,. Equation
(1.1) is obtained by separation of variables from the timeependent Schmdinger's
equation, i@@t = H, and a general solution to the latter has as a sum over the

n'S. We can also obtain (1.1) by separation of variables in theylinder equation,
%u = Hu as well as other partial di erential equations.

The vacuum energy, formally de ned, is
E:%X!m (1.2)

n
The above expression (1.2) arises in quantum eld theory inhe context of cavities
and cosmological models [4], and it is formally divergent. oTget a meangingful re-
sult from this expression, the vacuum energies for two di @nt con gurations are
subtracted from one another, and the behavior of this di enece as the intial con g-
uration expands to Il all of space gives the vacuum energ¥. [3]. We call E. the
regularized vacuum energy and it can be expressed as the rdegyart of

1 X

2

n

e 't (1.3)

This procedure is called \ultra-violet cuto regularization”.
Solving the eigenvalue problem (1.1) directly gives all themformation about the

eigenvalues, but this is not always practical if even pos$@[6]. The cylinder equation,

We take ~=1 = c throughout.



Hu = %u, has a Green's function fott > 0 which we shall call the cylinder kernel,

T(t;x;y). It has been shown in [7] that given a space in which we are $ang our

eigenvalue problem and 7

Tr T(t) = T(t; x;x) dx; 1.4)
the cylinder kernel is related to the vacuum energy by

l@ _ X Lt
é@tr T(t) = > l,e " (1.5)

n
This procedure also yields an expression that can be integied as the regularized

vacuum energy density,

X
@@j[l'(t;x;x) = % Lhe 'Y h (0% (1.6)

n

NI =

Using a cylinder kernel approach, Liu and Fulling have founthe vacuum energy
between a plate with Robin boundary conditions and a plate wh Dirichlet boundary
conditions [8]. Their method uses the method of images (i.the method of multiple
re ection) on the free space cylinder kernel to create the tgder kernel for their
parallel plate case. We use an analogue of this method in seat111.C and chapter
V to construct the cylinder kernel for a quantum graph.

In some of the calculations for energy, it simpli es the disgssion to put movable
pistons in place of stationary walls, so that the energy caes an attractive or repulsive
force on the pistons. This has been investigated for a two densional box by Caval-
canti with the result that the force is attractive between tre piston and the nearest
wall [9]. Other attractive piston conditions have been in&igated by Hertzberg, et
al. [10]. Quantum graphs, on the other hand, provide one mold@here the vacuum
energy actually gives a repulsive force on pistons [1] undegrtain conditions.

Quantum chaos is related to the semi-classics of the systemdao the eigenvalue



statistics. A plausible initial conjecture was that chaosby spreading eigenvalues
apart, reduces the magnitude of the vacuum energy and hencetloe Casimir e ect.
Following up this idea was one motivation of the work of [7] ovacuum energy in a
twisted line bundle; they found that the twisting did indeed spread the eigenvalues
and reduce the size of the vacuum energy (and even change itgny However,
that model does not exhibit chaos, so chaos is not a necessaondition for damping
vacuum energy. Because of calculational complexity, theage no explicit calculations
addressing su ciency, and the consensus seems to be that dssand vacuum energy
are not closely related. Nevertheless, Federico Capassayell-known experimentalist
in the eld, has suggested that a connection between vacuunmergy and eigenvalue
statistics still deserves investigation [11], and that reark was an important in uence
on the choice of the topic of this research project. Thus, inrder to investigate
vacuum energy in the context of eigenvalue statistics, wedk at quantum graphs.
In the past decade, a great body of research has developed utragtum graphs in
eigenvalue statistics and consequently, in quantum chao&or a detailed discussion
of quantum chaos and how it relates to classical chaos seedffl [12].

Informally, a quantum graph is just a network of wires attaclked at the nodes.
Mathematically, it is a metric graph with a di erential operator applied to it (i.e.
a Hamiltonian). Quantum graphs are well suited for analysisince they are a one-
dimensional system, and as a result, the semi-classical apgch is exact. For a review
of the literature on quantum graphs see [13]. Since a quantugraph is a “physical
system' in the sense that we have a Hamiltonian on it, we can ¢oretically nd the
vacuum energy contained within it.

In chapter II, we de ne quantum graphs. We de ne an equationimilar to (1.1)
to obtain a spectrum,f! ,g, on a quantum graph. Each vertex in a quantum graph

must have boundary conditions to de ne the self-adjoint opator on the graph. A



full analysis of what boundary conditions apply has been denby Kostrykin and
Schrader [14, 15, 16] and is given in a di erent form in [17]. Alé spectrum we nd
can be analyzed with periodic orbits on the graph as descritbdy the trace formula
rst found by Roth [18]. Subsequent versions of it have beenstussed and derived by
Kottos and Smilansky [19], Kostrykin, Pottho , and Schrade [20], and others (such
as [21]). While Kottos and Smilansky derived it from a secufadeterminant, Roth
and Kostrykin, Potho , and Schrader derived it in the contex of multiple re ections.
The derivation given for the trace formula in these texts assnes that the S matrix
(see section I1.C) is independent of the wave numbek,

Quantum graphs exhibit statistics characteristic of a chaac system (see [22] for
more details), so in the context of quantum graphs, we can sly how the vacuum
energy may depend on the chaos of a system. Berkolaiko hascdssed in [23] how
the spectral statistics for quantum star graphs (see de nion 11.8) when the number
of vertices tends to in nity, are the same as those found foSeba billiards. Winn
has discussed in [24] the relationship between quantum grepand quantum chaos
with emphasis also on quantum star graphs. In the end, Winn l&es the results he
obtains to families of billiards. Furthermore, it has beentsown that star graphs have
intermediate wave function statistics [25] and they do not éive quantum ergodic wave
functions [26]. Thus, while quantum star graphs are a relately simple system to nd
the vacuum energy on (see chapter 3), more general graphs mhe considered to
discover how vacuum energy is a ected by the spectral statiss.

Fulling in [27] has looked at the e ect of the energy density @ar a quantum graph
vertex by construction of the cylinder kernel for an in nite star graph (a graph with
one vertex andB bonds extending to in nity). The quantum eld theory origin s of
this (in a graph context) were given by Bellazzini and Mintclev [28]. The construction

of the cylinder kernel for an in nite star graph provides theground work for the



method of images in section I11.C and chapter V.

The classic example of the method of images (i.e. multiple eetion) is a charge
between two parallel conduction plates, as can be found in stdbooks on electricity
and magnetism. For two plates the method of images can be thgiut of as tracing out
the path of a photon between them and de ning a transformatio on some free space
function everytime the photon hits a plate. There have beenavious paper written
on nding vacuum energy with optical paths in di erent geomdries (see for instance

[29, 30, 31, 32, 8)).

B. General Results

In later chapters, through both the trace formula and the mdtod of images, the
vacuum energy in a quantum graphE, is found to be,

1X Ay

2 Lorp

Ec = (17)

In this expression the sum is over periodic orbits on our grap A, is the amplitude
of the orbit (as determined by the boundary conditions at thevertices it visits), L,
is the (metric) length of the orbit, and r, is the repetition number of the orbit (see
section 11.B for an explanation ofr,). The concise formula (1.7) is convergent and
continuous in the lengths of the bonds. It still remains an ogn problem to relate
(1.7) to the spectral statistics, but the fact that it is continuous in the lengths of the
bonds hints that there is not a strong connection between vaam energy and the
chaos of a system.

In the context of star graphs, we can obtain repulsive forcédsom this expression
for a large number of bonds as discussed in chapter Il and ih][ In that paper, our

coauthor L. Kaplan nds that the vacuum energy expression ewerges numerically.



The method of images given in chapter V derives the trace of anbitrary integral
kernel on the graph and with application of the resolvent kerel, provides another
derivation of the trace formula. More directly though, appication of the free space
cylinder kernel to the method of images provides the vacuunmergy, and it reproduces
the result obtained by using the trace formula.

Furthermore, the method of images gives an expression forettvacuum energy
density. The trace formula, on the other hand, does not giveiregctly a method to
nd the vacuum energy density.

The expression in (1.7) and the two methods provided here tdtin it should
provide insight into how the vacuum energy behaves on quamtugraphs and what

connection there may be to quantum chaos.



CHAPTER I

DEFINITIONS AND NOTATION
In this chapter, we develop the physical system we are to deaith: the quantum
graph. Once that is developed, vacuum energy is introducearially. The de nitions
and notation presented here will be the groundwork for chapts IV and V while
chapter Il will include some of the basics and leave out sonwd the directed bond

formalism.

A. Topology of Graphs

A graph G(V;B) is a set of verticesV and a set of bondsB whose elements are
characterized by two vertices which they are said to connecihroughout, the sizes
of the sets argVj = V, jBj = B, and the vertices will be numbered L ::;V while

the bonds will be numbered L ::; B arbitrarily. In this way the notation ~ 2 B will

If i 6 j, let (i;j) B be the set of bonds connecting vertices and j, and
(i;1) B be the set of loops connecting to itself. In gure 1 we have two loops on
vertex one, and three bonds connecting vertices one and two.

Usually, a vertex connectivity matrix CV), is de ned as aV VvV matrix such

Fig. 1. A graph with 4 vertices and 11 bonds.



that 8
v 2D 6]
G = 5 (2.2)
Sy =g,
This describes the topology of the graph. Note, a loop contiites twice to its entry
in the connectivity matrix; the reason for this becomes cleawith the de nition of
valency of vertexi,
X/

Vi = G : (2.2)
j=1

Valency can be thought of as the number of bonds coming out ofvartex. A loop

contributes two because it adds two ways to leave a vertex

De nition 11.1. A subgraphG{V%B9 consists ofV® V andB° B such that

all > 2 B%connect vertices inV % only.

De nition 1.2. A graph is connectedif there do not exist two non-empty subsets
of the vertices which partitionV with the property that there is no bond connecting

the subsets.

In all of our discussion, we will look at connected graphs. # graph is discon-
nected, then we can use our analysis on each of the connectethponents separately.

Within this framework, we can de ne di erent types of graphs

De nition 11.3. A graph is simple if it contains no loops or multiple bonds. (i.e.

i(i;j)j2f 0;1gandj(i;i)j =0 forall i;j 2 V.)

In our quantum graphs, we will be able to change any graph inta simple graph
without changing the spectrum or wave functions (see [22]rfdetails). So we will use
simple, connected graphs frequently in our discussion andtout loss of generality

from more arbitrary graphs.
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Fig. 2. A complete graph, a ring, and a star graph, from left taight.

De nition 11.4. A simple graph iscompleteif every vertex is connected to every

other vertex (i.e. each vertex has valency = V.  1).

De nition 11.5. A simple, connected graph is aing if V = B and each vertex has

valencyv = 2. A nontrivial ring hasV 2.

De nition 11.6. A graph is simply connectedif there does not exist a nontrivial ring

as a subgraph.
De nition 11.7. A graph is atree if it is simple, connected, and simply connected.

De nition 11.8. A graph is astar graphif it has one vertex with valencyV 1 and

all other vertices are connected to it and have valency 1.

Examples of a complete graph, a ring and a star are shown in g& 2. Star
graphs will be used at rst in our discussion of vacuum energyue to their simplicity.
This will give us the necessary insight to look at arbitrary taphs.

For any vertexi,

[
s@i)y= (ii)) (2.3)

j2v
is the star of vertexi.

Henceforth, we will consider connected, simple graphs tovglify some particu-

lars in the de nitions.
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Note that (i;j ) means the same thing asjji ). On occassion it is necessary to

distinguish between directions along a bond, hence the f@Ning de nition.

De nition 11.9. Given a bond™ 2 (i;j ) with i <j we associate twalirected bonds
with it, " = (";+) going from i to j and™ =("; ) going fromj to i. The set of
directed bonds going from to j is denoted by ;j ].

Even though we can still de ne directed bonds on loops, the ad for ani = |
case is eliminated since we are only considering simple dgnap

The set of directed bondspD, is de ned asD = S\ZBf‘+ ;" 0. With this de ni-
tion, it is clear that jDj = 2B. Greek letters will be used to represent directed bonds

while latin letters (particularly ) will be reserved for undirected bonds.

De nition 11.10.  Given a directed bond = (";d) whered2f +; g , we de ne the

following
The reversal of , denoted by , isgiven by =("; d).
We denote the undirected bond associated with asj j:= .

If 27i;j],thendeneo( )= i astheorigin of andt( )= | astheterminus

of

Similar to the star of vertexi, we can de ne theoutgoing star at vertexi, S* (i),

and the incomming star at vertexi, S (i), as

S*(i) = | i;j1; andS (i) = [ [i; i : (2.4)
j2v j2v

Much like the vertex connectivity matrix, we can de ne the drected bond con-

nectivity matrix, C(®), asa B 2B matrix with
8

5 E1 if forsomei 2V, 2S (i)and 2 S*(i)
c® = (2.5)

-S 0 otherwise.
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In other words, C'®) = 1 implies that follows on the graph. This allows us to

de ne a path on a graph easily.

i2f1::::n 19, cP®) =1
A path is closedif ) = 1.

A periodic orbit is a class of closed paths that only di er by a cyclic permutabn,

this equivalence class.)

The periodic orbits will play a central role in our argumentssince we will be able

to express our vacuum energy as a sum over periodic orbits. wé take a periodic

construct any p’ for r 2 N. This leads us to the notion of a primitive periodic orbit.

De nition 11.12. A periodic orbit py is primitive if it cannot be represented as

po = p" for any other periodic orbit p and any natural numberr.

With this de nition, we can write any periodic orbit p, asp = py wherepy is a
primitive periodic orbit. If pis primitive, r =1 and p = po. This representation in
terms of a primitive periodic orbit is unique, andr is called therepetition number of

the orbit (sometimes written asr, to emphasize the dependence @).

B. Metric Graphs

In addition to the graph structure in section Il.LA, we add coaodinates along each
bond. Each™ 2 B is given a lengthL-, and because length does not depend on

direction, we can writeL-+ = L- := L-. Now, to specify a point in the graph, we
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need to specify the bond and a length along the bond from a pretgrmined point.
There are two natural points to measure distance from: the wvvertices of a bond.
This leads us to coordinates de ned on directed bonds.

We de ne a coordinate on a directed bond 2 [i;j] so that x is zero ati, is
L atj, and increases linearly between and j. From this, it can be shown that
X =1L x forall 2 D. Whenever we speak of coordinates along an undirected
bond °, we tacitly assume we have picked the* coordinates. Also, in general, we
will not include the subscript onx since from context it should be clear which bond
we are talking about.

Now we take the common de nition of the set of square integrdd functions on

an interval and construct the analogue for the graph as
L2(G) := L?[0;L4] L2[0; Lg]:

We have informally said we have numbered the bonds:1:;B. We can adopt
a similar numbering for directed bonds if © is numbered the same as and ~ is
numbered as’ + B. In this way, we have numbered our directed bonds;1.:;2B.
Now, u 2 L?(G) L?(G)is a vector of functions along the directed bonds ifi (x) =
u(L x)forall 2 D. By specifying the directed bond and coordinate along
that bond x, we obtain the value ofu at that point on the graph, u (x). We impose
u((x)=u (L X) to maintain that u gives only one value for every point on the
graph. Here, we have eliminated the need for the subscript dhe x by having the
directed bond information on our function.

To relate these terms easily, we de ne the function on:
i xX)=L x (2.6)

Since this is a function on , the corresponding function on isi (x) = x. Thus,
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this function i can be described as taking a point with coordinate on and giving
the corresponding coordinate for it on .
In the previous section, we de ned paths on non-metric grafgh We can generalize

this to metric graphs in the following de nition.

De nition 11.13. A metric path overn > 1 bonds from pointx on directed bond

ali2fl:::;n 19, we haveC®®) =1,

i+l i

The lengthof p,., isLp,, =y, Xx,+L, + +L, ,. (x,andy ,k are

the coordinates of the points on ; and , respectively)

A metric path on only one bond (sop,.,, = (X; ;y )) must havey >x and

the lengthisL, =y x.

A metric path from from x to y is closedif x andy are the same point (i.e. they
lie on the same undirected bond and , ,(x) =i , ,(y)), and we say that path

begins and ends ak (or equivalently, at y).
A metric path is a periodic pathifitis closed and , = ;.

A metric path is a bounce pathif it is closed but not periodic. If a particle is
imagined traveling along a bounce path, it returns to the pai it originated

from with the opposite momentum.

Pictures of how these paths look are given in gure 3. Noticéhat for a periodic

pathL, =L  + +L , whileforabounce path

Lp, =2L, 2x,+L,+ +L, ,=2x,+L,+ L

n 1°
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(S o I as

Fig. 3. A metric path from x to y on a graph, a periodic path, and a bounce path,
from left to right.

As before, we can obtain periodic orbits from our de nition 6 periodic metric

paths. As an example, ifp = ( 1; 2:::; n) is a closed (non-metric) path, it is

it is equivalent to

for any y on the bond ;.

This equivalence relation gives us the same interpretatioof periodic orbits as
before and can be described as taking out the beginning anddarg point information.
For example,p,., has the information of all the bonds it travels on in additionto the
fact that it begins and ends at pointx, but for a periodic orbit, the information of

where it begins and ends is lost so that we know only the bondstiavels on.
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C. Quantum Graphs

To make metric graphs into quantum graphs, we now de ne di eential operators on
them. In the literature one commonly nds the Schredinger perator applied to the

graph (see for example, [22]). This operator takes the form,

1d 2
= Z__ + A +V : 2.7
. () 27
Here,A is related to a magnetic vector eld, and it has the propertyhat A = A
-3 is the derivative along the bond (it too has the property that ;2 = -&) and

V (x) is a potential on the graph. In our manuscript, we seA =0and V (x) O

forall , soH reduces to the Laplacian,

d2
= 5 (2.8)
The subscript on thex is dropped sinceS> = .
With (2.8), the eigenvalue equation is
H u (x) = K?u (x) (2.9)

forall 2 D. We will refer to k? as the energy anck as the wave number.

This does not complete our quantum graph, for we still need t&now what
happens at the vertices to de ne our self-adjoint operator.The conditions at the
vertices will be referred to as the boundary conditions. Comonly in the literature
one nds the Neumann (also called Kirchho ) boundary condiions for a single vertex
i:

u@= ; 8 2S"(i); (2.10)

u®(0) =0: (2.11)
25* (i)
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In passing, we mention (2.11) can be generalized to Robin ditions by changing
it to:
X
u’() = (2.12)
25* (i)

The other common boundary condition is pure Dirichlet,
u (0)=0; 8 2 S"(i): (2.13)

In general, the boundary conditions for a vertex can be written in the form due

to Kostrykin and Schrader [14],
AUj5+ (i)(0)+ Bu(]s+(i)(0) :0, (214)

where ujs- (i)(0) is the vector of functions on the directed bonds contaimkin S* (i)
evaluated at O (at vertexi), and u9s- (,(0) is the same for their derivatives. Since
v; = jS*(i)j (the valency), A and B arev; by v; matrices. They have the properties

that
(A;B) is of maximal rank, and
ABY is self-adjoint.

With these conditions, A + ikB is invertible for all k > 0 and one can construct a

unitary scattering matrix for that vertex (see [14] and [15]which we will call @ (k),
O(k)= (A+ikB) YA ikB): (2.15)

This v; by v; matrix is indexed by undirected bonds inS(i). Thus, (k) de-
scribes transmission from bond to “° through vertex i. Since (k) is unitary,

Ok D(k))Y =1 where ( 1(k))Y means the conjugate transpose of() (k).
To sketch where this comes from, consider an incoming planewe on bond®

incident on vertexi (i.e. =~ 2 S(i)). After re ections and transmissions we should
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obtain the following (assuming an in nite star graph):
8

se kx4 (')(k)e|kx if 0="
Uwu):S | 892 S(i): (2.16)
T Qk)ek otherwise,

This equation de nes the scattering matrix; we can nd the vdues using our boundary
conditions. Evaluating u-o and its derivative at zero, we obtain that,
uo0)= o+ B(k)
u%0) = ik( o+ D(Kk):
From these equations one can read of two matrices, one for thialues at the ver-

tices and another for the derivatives at the vertices. Puttig these into the general

boundary conditions in (2.14),
Al + O+ ikB( I+ OK)y=0: (2.17)

Naively solving this, we obtain (2.15). This is handled moreigorously in the above

cited papers by Kostrykin and Schrader.

Example. To construct the boundary conditions given in (2.10) and (21) for a

vertex i with valency v; we use the following twov; by v; matrices:

0 1 0 1
1 10 0 000 0
0 1 1 0 000 0
A=g o, g B=gTb o b (2.18)
0 0 O 1 000 0
0 0 O 0 111 1

These satisfy the properties: A&; B) is of maximal rank andABY is self-adjoint. Thus,
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we can nd @ using (2.15), getting

0 1
A 0
2 2 2
(i) = T v : (2.19)
w w1

O

Wwith a (k) for each vertexi, the scattering matrix for the whole graph can

be given as a B by 2B matrix indexed by directed bonds,

8
2 Ky ifc® =1

S (k)= (2.20)
? 0 otherwise.

This matrix is also unitary since it is a direct product of untary vertex scattering
matrices.

For much of what we do we will consider the scattering matrixd be independent
of the wave number,k. This vastly simpli es things, and is characteristic of boh
Neumann and Dirichlet data at vertices. If the Robin data in 2.12) is used, the
scattering matrix becomesk-dependent and harder to work with in practice.

The following theorem, due to Kostrykin and Schrader [15], haracterize k-

independent scattering matrices.

Theorem II.1. If the scattering matrix for vertexi, ), is k-independent, then

Al + M)y=B(l M =0, ( M2=1 and consequently, ) =( ©)y,

Proof. This is given in the papers by Kostrykin and Schrader, but her we o er a
little proof using (2.17) and the fact that A + ikB is invertible.

We know that () must solve (2.17) fork > 0, but @) is independent ofk, so
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the following two equations hold (fork = 2 and k = 1 respectively),

A(l+ M+2iB( 1+ O)=0;

A+ M+iB( 1+ Oy=0:

Subtracting the second from the rst, we obtainB (| ) =0 and it follows that

A(l + @) =0. Consequently,

AG+ O O)=o0;

Al (D)) =0:

Similarly, B(I  ( ©)?) = 0. From this, it is seen that (A + ikB)(I ( ™)?) =0,
and A + ikB is invertible implies that | ()2 =0. Thus, @ is its own inverse

and since ) is unitary, its inverse is ( V). Thus, @ =( Oy, O

This theorem will be important later when we address the methd of images and
cancellation of bounce orbits (see section 11I.C and chapt¥).
Returning to (2.9), take a solution, 2 L?(G), to this equation, whose elements
solveH-+ -+ = k? «+, 8 2 B. We can extend to L?(G) L?(G) naturally by
<« (X) = (L~ x). Thus, in what is to follow we drop the “+' from the ** with
the understanding that we measuré in ** coordinates.
The inner producthji on L2(G) is given by,
x 2L
hiji:= i (X) ~(x)dx; 8:; 2L%G); (2.21)
=1
just a sum over allL?[0; L] inner products, and here refers to complex conjugate

of . Orthogonal functions, and , onL?(G) satisfyh j i =0.

Equation (2.9) can be written asH- - = k? - in coordinates or = k? with
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eigenfunctions with corresponding eigenvalué&,g:_, . The k, degeneracy is removed
by having a number of orthogonal eigenfunctions equal to thaultiplicity of k,. The
facts that we get a discrete spectrum and a complete set of eigunctions from our
guantum graphs are well known (but nontrivial to prove).

If we write a function u as a linear combination of these eigenfunctions,

X X
u= a, n; orinterms of bonds, u-(x) = an n-(X): (2.22)

n n
The a, can be expressed in terms of inner products, notabb, = h jui. Writing
this out,
@ 4

an = , (X)u(x)dx: (2.23)
-1 O

This will be needed in the next section when understanding tnove can obtain vacuum

energy.

D. Vacuum Energy in Quantum Graphs

With the necessary tools in place to study our graphs, we nowsduss what we are
to nd in these graphs: vacuum energy.

With our units of ~= c¢=1, we havek, = ! ,, and introducing an exponential
cuto function (see chapter I) the vacuum energy is

E —}X k,e knt: > 0 2.24
(t)—z ne ’ t - ()

n
For a system, the regular part of (2.24) contributes to the fi@e while the divergent
part does not contribute and can thus be discarded in our vaam energy calculations
(see [3] for more details). In all the problems we will studynidetail, this divergent

part amounts to the free space energy without boundaries inoged and we will call it
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Eweyi (t) due to its connection with the Weyl term in the spectral asyrptotics. Thus,
the energy we are interested in is
n #

. 1 X
E. = lim 5 kn€ ' Epeyn(t) : (2.25)
n

t! o*

For our graphs, Eweyi(t) = 555 whereL is the total length of the graph (i.e.
L=L;+Lo+ + Lg). This is clearly divergent and its connection to the Weyl
term will be clear later (see section Il1.B and chapter V).

We will be largely concerned with the vacuum energ. and to a lesser extent
with the vacuum energy density (with = %1, see [33]).

The vacuum energy density at pointx on bond™ is -(x;t) and is given by

1X ot Y
(x=5 ke T (X5 t> 0 (2.26)

n

Here we have thatj ,.(x)j2 = n(X) ny(X). Notice that since each | is assumed
to be normalized,

X 2L 1 X
S(x;t)dx = 5 kne *th nj ni = E(1): (2.27)

0 n

We can constructE (t) with the help of the cylinder kernel [27]. For this we add
a t-dependence (such as a time) to our graphs, with> 0 being the region of interest

and consider the partial di erential equation,

with the same boundary conditions at the vertices as discuesin the previous section.
This is a separable equation and we can write a solution to isa -(x;t) = -(x) (t).

This gives us the eigenvalue problem (2.9) and an equatiorr fo,

@

H- «(x)=k* «(x) and @

(t) = k? (b): (2.29)
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With t> 0 and the conditionthat ! Oast!1 , ,(t)= e k! and the general

solution is of the form,
X
()= an ar(x)e bt (2.30)

n

The cylinder kernel, T, solves (2.28) with the initial condition,

8
2 (x yy it=
T-o(0;X;y) = 5 (2.31)
-0 otherwise.
Using (2.23) it can be shown that,
X k
Too(t; X;y) = aoY) nn(X)e (2.32)

n
Notice that -(x;t) = %@@;I? (t; x; x). Calculating the trace of T,
X 2o X
Tr T(t) = T-(t;x;x)dx = e kt; (2.33)
.0

n

we can nd E(t) by the relation,

1@ .
sl T (2.34)

E(t) =

Thus, if we can nd T for a graph, E(t) (and therefore E.) can be calculated
from it. Moreover, can also be found fromI' similarly.

Finally, to obtain a force, we must di erentiate E. with respect to a length which

changes in our problem (for example, in the two parallel plat case, the distance

between the plates).
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CHAPTER 1l

QUANTUM STAR GRAPHS
To begin our discussion, we consider star graphs as de ned tg nition 11.8 and seen
in gure Ill. This chapter lacks the mathematical rigor apparent in chapters IV and
V, and focuses on more physical and heuristic arguments totain all the results for
star graphs in the context of vacuum energy. Many of the redslin later chapters
are summarized here as well as results found for just star gtes. A lot of this can
also be found in the recent paper by S. A. Fulling, L. Kaplan, r@d J. H. Wilson [1].

Also, due to the nature of star graphs, directed bonds are nased in this discussion.

A. Setting up the Star Graph and Equal Bond Lengths

The rst attempt at evaluating (2.25) will be to nd the spect rum explicitly. We will
nd that this requires us to assume the bond lengths must be eal for our star graph
(.Le.Ly= =Lg:=L).

We label our bonds 1:::;B and since there areB + 1 vertices. The B end
vertices are labeled by the bond they are attached to and theiotral vertex is labeled

by 0. Notice that in this speci c case, labeling by vertices rad bonds is equivalent,

Fig. 4. A star graph with unequal bond lengths.
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so bond™ has end vertex . This particular labeling for star graphs will be used in
later sections.

The eigenvalue equation is (dropping directed bonds),
d2
o7 «(x) = k2 ~(x): (3.1)
We take each™* to go from the central vertex out, so the coordinates of start
at 0 at the central vertex and attain L- at each end vertex. The conditions at the

vertices will be completely Neumann as in (2.10) and (2.113nd we will write them

in the form,

X
=0 (3.2)
10)0= = (0)=C (3.3)
AL)y=0 8 2B: (3.4)

Solutions of (3.1) with (3.4) imposed have the form

“(x) = A-cosk(L- x)): (3.5)

Thus, imposing (3.2) and (3.3) should give us our spectrunik,g. There are two

cases to consider for this:

1. .(0) = = 5(0) 6 0. In this case,C = A-coskL:) 6 0, 8 2 B, and

so ~(x) = C=—). Dierentiating - with this data and using (3.2) we
obtain,

x
tan(kL-) =0: (3.6)

=1
Solving this for k, the part of the spectrum for this case is found (which we call

P
f kS 0). In the special case where eadh is incommensurate (i.e. .m-L- =0

with m- 2 Z, has no solution except wherm- = 0 8 2 B, see [22]) this
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expression gives all the eigenvalues, but nding a closedrifio for them is not
feasible although a case 2 is not necessary anymore. To geti@sed form, we

assume thatL, = = Lg := L, and we get,

sink®Ly=0 ) kO = n2N: (3.7)

n.
L 1

We introduce the notation k,ﬂl)

to di erentiate these eigenvalues from those in
case 2 below. Each of these eigenvalues does not have a degeypessociated

with it.
1(0) = = g(0) =0. In this case, eigenvalues come from,
A-coskL-)=0;

but since we have equal bond lengths and disregard the trivigolution, our

values satisfy,

cosk®PL)=0 ) k@ = n+ n2 N: (3.8)

E;

NI =

To get degeneracy for these eigenvalues we have to return 832) to obtain,

which will give B 1 distinct solutions. Thus, eachk{ has a degeneracy of

B 1

Now, we can nd Tr T(t) from (2.33) by breaking up our spectrum intok$" and
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Fig. 5. A model of aB = 4 bond star graph with pistons. The (Neumann) pistons
model the end vertices of the star graph and feel an outwardrte from the
vacuum energy.

&
n

X, ® :
TTTM)=  ett+(B 1) e (it
n=0 n=0

BL

:_%+1 (B 3

> s LY o(t?: (3.9)

Now, using (2.34) and (2.25) with the knowledge thaE,.y(t) = 2, we obtain the

vacuum energy directly,
_ (B 3 .

E
¢ 48

(3.10)

To obtain the overall force on the graph, we di erentiate wih respect to the
length, L. In this equal bond case, we obtain a repulsive force f& > 3. This force
can be imagined by considering Neumann pistons in the placeemd vertices as seen
in gure 5. The Casimir force pushes or pulls on these pistorizased on the number
of bonds, as we found; this example is in [1]. The signi canad# the repulsive pistons
is also dicussed in [1] as well as numerical evaluations oktforce for unequal bond
lengths. It is found that even with unequal bonds, the forcesirepulsive for a high

number of bonds.
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B. Trace Formula on a Star Graph

For a star graph, the vertex scattering matrix for the centravertex, @, is of main
interest. All other end vertices have ) = (1) (+1 for a Neumann vertex and 1
for a Dirichlet vertex), so by (2.20) we can obtairS in block matrix form as a B by
2B matrix,

0 1
s- & 0 (0)

(1) O

X (3.11)

where ( 1)g is aB by B square matrix with an assortment of +1 and 1 along its
diagonal depending on if an end vertex is Neumann or Dirichlleespectively. For all

Neumann conditions ( 1)g = I.

d2

We use the form of the trace formula found in [22] (foH- = 45),
X X _
d(k) = (k  kny) = L, ReE Ap?ékL P: (3.12)
n p p

In this expression, the spectrunf k,g has been related to the periodic orbitp. The
valueL = L, + + Lg is the total length of the graph and the valuer, is the
repetition of the periodic orbit as explained in section IB. For a given periodic orbit

p=( 1;:::; n)going overn bonds,A, =S, 'S S, , is the amplitude of

n n 1

the orbitand L, =L ,+ +L , isthelength of the orbit. Also, note the rst term
is the Weyl term and is sometimes written agl,e,(k) = =.

To obtain vacuum energy we just apply the functiorf (k) = %ke Kt to get that,
z 1

E(t) = ke kd(k) dk: (3.13)

NI =

0

Substituting this in and evaluating it (skipping all of the problems which arise),
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we obtain

L 1 X A
Re— P 4 ; 14
212 "2 Ly oM (3.14)

E(t) =
It can be seen from this that the divergent rst term is just E,ey (t) which we said
was the divergent part and is to be discarded to ncE.. So, using (2.25) the vacuum
energy is found,

X
Ec= ZiRe Ap . (3.15)

At no point have we assumed we were dealing with star graphg this expression is
true for general graphs as will be shown carefully in chapttV and V. Also, the "Re’
IS not needed in the above expression, as explained in append.2. This expression
can be reformulated in terms of primitive periodic orbitspy, as de ned in de nition
11.12,

° 2 Lpor2’

po r=1

(3.16)

Both (3.15) and (3.16) are equivalent.

Now, considering a quantum star graph, all periodic orbitsan be written as

N N

p= (C1:1: 5 2047, so instead of a sum ovelp we can sum overp =

the form all p on the star graph take. It can be seen that, = 2L, and rp, = rp.
To simplify Ap, we assume Neumann conditions at the end vertices as we didthe
previous section. This makes the amplitude unaltered when hits an end vertex, so

we are in e ect only looking at the central vertex. The amplitde becomes simply

Ap: Ap:S .

o+
1N

St S,. = © © ©) .

n o1 21 1Th nn o1 271t

Note that elements of © are indexed by undirected bonds unlike thes matrix.

Making these substitutions to change to p we we can rewrite (3.15) for star graphs
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as,

E.= %Re i (3.17)

We can break up the sum ovep into two sums: the rst as a sum over the number
of undirected bonds traversedn, and the second as a sum overthat traverse n bonds
(we write this asp 2 P,). If we also assume that all bonds are equal, then for all

p2 P, L,=nL, and

(3.18)

Now, we use the following two facts to put the energy in termsfanatrix eigen-
values.

P ﬂ _ Tr( (O))n
n

b2Py To = . The proof of this mirrors that of lemma IV.1 (with s = 0).

P
If f b, are the eigenvalues of @, then Tr ( @)" =" 2 ()"

With these, E. for star graphs with equal bond lengths can be put in terms of
the central vertex scattering matrix eigenvalues (with Nemann conditions at the end

vertices),
x X \n
E.= iRe (1) .
4L n2

j=1 n=1

(3.19)

Now, to check this against what we have already found for equbond lengths,
we need the scattering matrix for a Neumann vertex found in (29). In the star
graph, vo = B, and nding the eigenvalues for this matrix, we get ; = 1 and

2= 3= = g = 1. With these, E; can be evaluated exactly and it is just
(3.10). Thus, these methods agree for equal bonds. This saapproach can be taken
for the S matrix discussed at the beginning of this section, but the ¢eulations are

a bit more di cult and a connection to the method of images desribed in the next

section would not be clear. Because the rst method of imagegven for star graphs
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in the next section focuses on the central vertex, we will nq3.17).

C. Method of Images on a Star Graph

The method of images takes a free space solution to a partialetential equation and
nds a corresponding solution to a problem constrained wittboundary conditions.

We will apply this method to the free space cylinder kernel,

t=

Ry S (3.20)

To(t;jx yj) =

This comes from solving & To(t;x) = ZTo(t;x) on the whole x-axis andt > 0
with the intial condition To(0;x) = (x). With (3.20), we can construct the cylinder
kernel for our graph by the method of images below and thus, vabtain the vacuum
energy and its density.

To do the method of images, we can take a free space solutiontbe one di-
mensional problem (something which can separate into%u(x) = k?u(x) as the x
part) and propagate it through all metric paths (see de nition 11.13) beginning at a
point y on bond " and ending at a pointx on bond "% Starting at point y amounts
to shifting the coordinates of the function at this point, soin e ect we can de ne
u(x) := u(x y)and we now haveu starting at point 0. In this way, we will only
consider the method of images on functiongx) with our transformations going over
a metric path p,,. In the end, applyingu(x y) to this method (instead of u(x))
gives the most general solution. As we can see by (3.20), oytimder kernel has the
form To(t;jx vyj), so we will apply our method below to itsx variable.

When speaking of metric paths, we discuss paths that go frogon " to x on ©,
but due to the above argument, when we write down an expressiave will sety = 0.

Everytime a metric path passes through a vertex the solutiors transformed, much
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like re ection in the case of two plates. The details of thistansformation will be left
for chapter V (where it is called theK -transformation), but we just note here thatN-
is the transformation associated with vertex while K-o describes the e ect of going
from bond * to “°through the central vertex. These transformations are detmined

by the boundary conditions at the vertices which they desdre.

Example. For a completely Neumann graph, it turns out that

[N-u](x) = u(2L- x); and (3.21)
[K-ou](x) = é o u( X): (3.22)

The coe cient in (3.22) bears similarity to (2.19). This resemblence is no coincidence
as is described below in (3.24).

Indeed, ifu solves a partial di erential equation which separates into (;% (x) =
k2 (x) as its x part, then so do the above two transformed functions. If we osider
u(x) = u(x)+[N-u](x), then u%(x) = uqx) u%2L- x) and thus, u%L-)=0, so N
makesu satisfy the Neumann condition at the end vertex.

On the other hand, if we consider-o(x) = u(x) o +[K-cu](x), then we have,

0O = w0 = = us0)= ~u() and
u%(0) = u%0) Bé 1 uq0)=0;
-

so the Ko transformation makes the solution satisfy the Neumann (i.eKirchho )
condition at the central vertex. Note that we had the origin& solution originate on

bond * here. O

For our star graphs, we can separate all metric paths from a po y(= 0) on °

to x on “%into four types listed below and shown in gure 6.
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Fig. 6. The four types of metric paths fromy to x on a star graph.

1. Beginning aty on " goingtowards the central vertex and ending atx on “°going

away from the central vertex.

2. Beginning aty on ° going away from the central vertex and ending atx on *°

going away from the central vertex.

3. Beginning aty on " goingtowardsthe central vertex and ending atx on “°going

towards the central vertex.

4. Beginning aty on " going away from the central vertex and ending atx on *°

going towards the central vertex.

We will construct a metric path of type 1 and from that get 2,3 ad 4.

A metric path of type 1 can be written as

and we propagateu along this path so that
UO) 78 [ o U100 = [K oo N Ky NK e N K U](x):

Here K-,- describesu propagating from ™ to *; through the central vertex, N-, de-
scribes the re ection o of the end vertex, 1, and so on. Note that in the special
case whem =0 we set -o- = K-o. Also, y is not included in the expression due to

setting it to zero as justi ed above.
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Using this, the four types can be represented in the followgnmanner,
Lux) 7! [ oo, UJ(X)
2.u(x) 7! [ o N U(X)
3.u(x) 7! [N-o o .r = U](X)
4. u(x) 7! [Neo o .o N Ul(X)

Adding up all possibilities of metric paths = 0 to x) just amounts to a sum

on bond % If %= " we must add the free space solution by itself an-u which we
have neglected in this development (though it is of type 4). Ae solution then takes

the form:

X X
Uso(x) = ~o(u(x) + [N~ u](x)) + [ op, UIX)+
n=0 p,

[ ‘O;pn;‘N‘ U](X)+[N\o Op, U](X)+[N\o ‘O;pn;‘N‘ U](X) (3-23)

This construction is completely general (in the context oftar graphs) and even
k-dependent scattering matrices can be used though relatitigese to the given trans-
formations is di cult. For our purposes, we will assume thatour transformation at
the end vertices is the Neumann transformation given in (31} while at the central

vertex we have ak-independent @ and thus,

Ko ulx)= 9 u( x): (3.24)

©) ©)

nno1 21

Using these two transformations, the solution can be re-witen with A, =
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andL, =L,+ +L as,

U-o(X) = -o(u(x)+ u(2L- x))+

X X
A u( 2L, X) + A - u(2(L- + Lpn)"' X)+

n=0 p,

Ag ~u( 2(Lp, + Lo+ X)+ Ag ~u(L-+ L, + Lo x). (3.25)

It is interesting to note that the argument ofu in each case is the length of the metric
path described (withy = 0).

The formula (3.25) can now be applied to the free space cyliedkernel in (3.20)
to get a cylinder kernel for our quantum star graph which sasi es the initial condition
given in (2.31) and the boundary conditions at the vertices.As mentioned before,

these transformations act on thex variable in (3.20), and we obtain,

Too(t;x;y) = ~o(To(t;jx  yi)+ To(t;j2L-  x yj))

X X _ _
+ [Avg ~ To(t;] 2L, X 1Y)
n=0 p,

+ Aopn To(t,]2(|_ + Lpn)+ X yJ)
+ A To(t;]  2(Lp, + Lo+ X Yj)

+ Ao - To(t;j2(L-+ Ly + L) X yj]: (3.26)
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Now set” = Pand x = v,

T (t;x;x) = To(t;0) + To(t;j2L-  2x))+
X X
n=0 p,
Ap, To(t;j2(Lp, + L))+

A, To(ti22L + Ly))  24)]: (3.27)

This accounts for all closed metric paths beginning and endj at x and it should
be noted that the rst and last terms in the sum are due to boune paths (for the
de nition of bounce paths, see de nition 11.13) while the mddle two are periodic
paths (and Ty(t;j2L- 2X]) is also due to a bounce path).

We see from the previous vacuum energy expression (3.15) ttlwaly periodic
paths will end up contributing, and it will be shown formally in chapter V that
bounce paths all sum to a constant in the trace, calle@gp here. This \cancellation”
of bounce paths hinges on theorem Il.1. The constaiizp is related to an index
theory for graphs and is discussed in [34]. Here, on the othkband, we will just
discard the bounce paths.

Using (2.33) for the trace ofT,

R ¥ X
Tr T(t) = To(t;0)L + Cgp + Ay - To(t;j2(Ls + Lp )j)2L;  (3.28)
n=0 "=1 p,

where Cgp is the constant described above. Let = "¢ and change variables in the
sum so that ! "; (i.e.n! n+1) to obtain,

X X
Tr T(t) = To(t;O)L + Cgp + 2A, -, To(t; 2L, )L-,: (3.29)
n=1 p,

Note, A, -, = @ © ® = A, with A, de ned in the previous section

1']h nn o1 21
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andp 2 P,. In a similar manner, we getL, = L,. These values are independent of
cyclic permutations, so we can break up the sum over, into the equivalence class of
cyclic permutations ofp, and the cyclic permutations themselves (see appendix A.1
for explanation of this equivalence class). These equivate classes are the periodic
orbits given by p. The sum of cyclic permutations is then,

X X X X X L

2A, To(t; 2L )L+, = 2A, To(t; 2|_p)r—p (3.30)

n=1 p2P, Pn2P n=1 p2p, p

The appearance of, is due to the fact that if is the permutation transformation,

P
then after n, := n=r, permutations "°(p,) = p,. Therefore, L., = Lp, Where

Pn2p
Po is the primitive periodic orbit such that p’ = p. Furthermore, Ly, = L,=r,. Thus,
our expression can be rewritten in terms qgb,

X X L
Tr T(t) = To(t;0)L + Cgp + 2A,—2 To(t; 2L,): (3.31)
n=1 p2p, fp

In the end, the Ty(t; 0)L term becomes theE,ey (t) term where L is still the total
length of the graph.

Di erentiating to nd E(t) and thus E, the constant for bounce paths falls out
and we get the same expression as before,

iXX A, X

1
Ec: —r = 4_

(3.32)
n=1 p2p, Lol p

Ap .
Lorp
This may look di erent from (3.18), but in fact they are equal (see appendix A.2).
The real part is only kept in the trace formula approach to empasize that the energy

is real-valued.

The vacuum energy density can be found from (3.27) with

1@

(x;t) = é@tT“ (t; x; x);
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but no particular insight can be immediately seen from writag this out. Analyzing
this object would be of interest, and it remains an open probm at the moment. All
that can be said at the moment is if bounce paths are not takemtio account in the
vacuum energy density, then the vacuum energy density is argiant throughout the

graph.

D. Analyzing the Vacuum Energy Expression

The equation in (3.15) is what we are to analyze. A full explaation of the numerical
analysis associated with this is found in [1]. In all of our alysis, we have assumed
Neumann boundary conditions at the end vertices, and that ga us (3.6) as the
secular equation which gives us the spectrunfk,g. If instead we put Dirichlet
conditions on some vertices, our secular equation becomes

X

tan(kL-+ ) =0; (3.33)

=1
where - =0 if vertex * is Nemann and - = if vertex " is Dirichlet.

What is to follow is due to independent work by our collaborair Lev Kaplan.
The expression for vacuum energy in terms of the spectrum givin (2.25) can be
numerically evaluated to any degree of accuracy as descubi@ [1]. In this way, we
can analyze our periodic orbit expression while comparing to the actual energy.
As in eq. (24) in [1], we can take the contribution to the vacumn energy due to the

shortest primitive periodic orbits with a central Neumann ‘ertex,

cohorest . 10X 12 Teosg ).
c 4 r2 B L

=1 r=1

(3.34)

Using this along with numerical comparisons with the actuaknergies, we nd

that not only do we get repulsive casimir forces for unequabind lengths, butE Shortest
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gives a relatively simple way to guess the sign of the forcen@hence its repulsive or
attractive nature) for a large numbers of bonds (again, seé][for more details).

We can further add on longer periodic orbits numerically antest how the expres-
sion we have found converges. This is done in the same paperbsve by cutting o
the sum at a maximum periodic orbit length,L ,ax. The error in the case of Neumann
pistons in a star graph goes ak . . In the case of mixed Neumann and Dirichlet
parts, the orbits of di erent length contribute with di ere nt sign since due to - above;
the error in this case falls 0 asLma. Thus, the expression for vacuum energy seems
to converge. In the next chapter, we will nd that in general,the vacuum energy
expression does converge. It is in fact conditionally comgent, but any reasonable
grouping of terms should give a sensible result.

The insight given by studying quantum star graphs leads natally to more gen-

eral graphs where we will nd the same vacuum energy expressi
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CHAPTER IV

THE TRACE FORMULA APPROACH
In the previous chapter, we found the vacuum energy througlwb main methods, but
we left out the main details of the mathematical derivation 6each. We rst show
that the vacuum energy found in (3.15) is convergent, thoughonditionally. Using
the ideas here, we go back to the trace formula and formally dee (3.15). With this,
it will be shown that the vacuum energy is continuous in the legths of the bonds.
The results in this chapter will be in a paper by G. BerkolaikpJ. Harrison, and J.

H. Wilson [35].

A. Convergence of Vacuum Energy Expression

As stated in section 111.B, (3.15) is true for any graph with ak-independent scattering
matrix, not only for star graphs. This is because the trace fmula is derived in [19]
for general graphs withk-independent scattering matrices. Here we drop the "Re'
because of the argument given in appendix A.2.

The grouping we will consider is,

1% X A
Ec= — L—p: (4.1)
n=1 p2P pl'p
The sum overp 2 P, is a nite sum, and we represent it as
Z
X A X 1A
—P = —Pe steds : (4.2)

The equality can be established by simple evaluation of thategral given. To nd

an upper bound for these terms, we establish a lemma.
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Lemma IV.1.
X
Aﬂe ske = ETr(e skgyn
o n
p2P n

with e st de ned below in (4.5).

is the number ofp 2 p wherep are merely vectors of directed bonds. For further

explanation of this see appendix A.1. Therefore the follomg equality holds,

X A X X
n —Pe ste = Ape Ste: (4.3)
p2P n fp p2Pn p2p
Given this, we havep = ( 1;:::; n),

Ap:slns 1 SZl;

n n

andL, =L ,+ +L . Applying this,

X X X
Ape °p = et "S, e n:S
p2P p2p p2Py

e t1S, ; (4.4)

nn 1

where we have introducedP,, as the set of vectors oh directed bonds. Now de ne

the following matrix,

0
estr 0 0 0 0 0

1
0 etz 0 0 0 0
e st = ; (4.5)

o o (@)

o (@) (@)
D

o o @
os]

D

o @ o

@

23 o o

N

o (@) o
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With the matrix multiplication e S-S, we can write (4.4) as,

X X X
(e *s), .(e *s)

1 2 n

(e stS) , ,=Tr(e s-S)": (4.6)

n n 1
]
With this lemma, we can prove convergence of (4.1).

Theorem IV.1. If Lyin =min;fL;g, then

X Ay 2B

p2P n

Thus, (4.1) with the given grouping, converges.

Proof. Beginning with (4.2), we can interchange the sum and the inggal since the
sum is nite and using lemma IV.1,
z
X A 1
B T “Tr(e s-S)" ds : 4.7)
p2P & Lprp o N

Now considerL ni, =min fL g,sothatL = Ly, + L% with L® Oforall . Using

this with (4.5), e St = e stmn e St° and the trace becomes,
Tr (e 3-S)" = e S"mn Tr (e SL'S)™: (4.8)

To obtain an upper bound to the trace, letQ(s) = e S°S. Take the eigenvalues

f g?8, and left eigenvectors eigenvectorsv g*2, normalized to one, then
Qv Qv =j j* (4.9)

The left-hand side of (4.9) can be written asv ; Q(s)QY(s)v . Looking at

Q(s)QY(s) then,
Q(s)QY(s) = e -°SFe st = g L
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The last equality is established sincé& is unitary (i.e. S = 1).

Thus, using the above and min L° =0,

Q'(s)v ;Q(s)v = v ;e v max vie Bty = g 2smin L% - 1.
Jivii=1

From (4.9) and the above we obtairj j 1, and therefore,

0 XB
jTr (e *'S)"j = |Tr (Q(s))"j it 2B (4.10)
=1
With this we can obtain from (4.7),
Z z
1 ! sLe\n 1 ! snL min ; sL%qy\n; 2B .
~ . Tr (e >-S)" ds - . e jTr(e >-9)"j ds TR

B. Proof of the Vacuum Energy Expression

With the ideas of the previous section, we return to the tracéormula and derive the
expression for the vacuum energ¥.. The trace formula we will use here, in contrast

to (3.12) will be convergent.

Theorem IV.2. Given the de nition of E; in (2.25), we nd for general quantum

graphs withk-independent scattering matrices that,

X XA,

2 n=1 p2P, Lofp

Proof. The convergent trace formula as given in [22] is
X L 1R X L
d(k) = (k ky)=—+Z= A,—PcoskLpe “°; >0 (4.11)
n n=1 p2P rp

where (k) = - (sothat (k)! (k)as ! 0). This may look dierent from
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(3.12), but in fact, they are equivalent and appendix A.2 disusses this.

It can be shown that,

1Zl 1 X
lim 5 ke *d(k) dk = 5 kne nt= E(t):

1 0ot 0

(4.12)

n
Therefore, equating both sides,
z 1

Z
1R X,
— ke ¥ dk+ Ilim — AP

E(t) =
® 2 ror 2

kcoskLy)e ¥ dke "¢ (4.13)
n=1 p2P, P 0

Considering the integral inside the sum by itself and applyg the Laplace transform

for it and the inverse Laplace transform,

L,  kcoskLp)e dk= = L,  coskLp)e ¥ dk
0 @t 0
_ @ Lt
C @t L2+t
Z,
@

at! cosit)e St* ds
9. .
cos@t)e Str ds+ t s sin(st)e Str ds: (4.14)
0 0

We now take the same grouping as in (4.1), so that the element ioterest is,

X A Z, Z,
cos@t)e Str ds+ t s sin(st)e St ds e b
0

p2P n 0

p
p

—P coset)e Ste Lrds + t
p2P p 0

A .
r—ps sin(st)e St Lrds : (4.15)
0

p2P, P

In the last expression, we used the triangle inequality siedhe sum is nite. Looking
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at the rst term then,

21X A £1 X A . .
—P coskt)e " )te ds —Pe *)be jcoskt)j ds
r r
—Pe T Lp (s: (4.16)
0 pp, P
Now we can apply lemma IV.1 so that,
YA 1 X A YA 1 1
—Pe T )Le (gs= “Tr(e *ILg)" ds; (4.17)
0 pp, P o N

and following the proof of theorem IV.1 exactly, we obtain,

A 2B
—P coskt)e ©F )Le ds :

O (4.18)
p2P n

Since we send ! 0", we can sayt < 1 and applying the same argument to the

second term with singt), we get a similar inequality. In fact,

Z, x
A . 2B
—Ps sin(st)e ** trds (4.19)
0 pop, 1P L i
After evaluating the integral inside the sum in (4.13) we olain,
X Aﬁ@ t o Lo 2B N 2B (4.20)
- "I, @t L3+ t2 N2Lmin  N3L2,. '

P
Thus, the sum converges absolutely by comparison to aizl n 2 series, and the
convergence does not depend onor t, so it converges uniformly in both of these
variables and we can bring the limit ! 0" inside the sum, so

1 X X ALb@ t

L
E()= — — — =
© 2tz 2 n=1 p2P, prp @t Ll:2>+t2

(4.21)
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Returning to our de nition of E. in (2.25) we get,

. 11X X L@ t
t! 0 n=1 p2P rp @t p t

(4.22)

As stated previously, the term inside the sum is uniformly govergent int, so we can
bring the limit inside the sum, and obtain,

1)4X A,

2 n=1 p2P Lprp

E.= (4.23)

O

This argument proves our equation for vacuum energy in quamin graphs and

its convergence. With this, we can do some formal analysis onr expression.

C. Analysis of the Vacuum Energy

Consider the case when all bonds of the graph are equal, sottifap 2 P,, then

L, = nL.

Corollary IV.1. If all bonds on a quantum are all equal th, then the vacuum
energy can be written as,

1 RR
2L n2

=1 n=1

wheref g®2, are the eigenvalues of th& matrix.

Proof. First, if p 2 P, then L, = nL, and we can use the expression for vacuum

energy in theorem V.2 to show,

(4.24)
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Using lemma V.1 with s = 0 we then get,

Eo= X L1 (sn): (4.25)
7 2L _ n? ' '
n=1
If f g?8, are the eigenvalues 08, then the corollary follows directly. O

We can also show that our expression is continuous in the lehg of the bonds.

For 0< L min, theorem 4.1.1 can be modi ed to state,
X A 2B
TR (4.26)
p2P n plp n
This tells us that E. converges uniformly inL = (Lq;:::;Lg) for the domain, [; 1 )&,

so that, L, = N, L. Each Né\) is how many times the periodic orbit,p, went over

bond *. This is used to state the following:

Theorem IV.3. The expression derived in theorem V.2,

1 X X A,

Eell) = N, D)rp

n=1 p2P,
is in nitely di erentiable with respect each L- and each derivative can be computed by
di erentiating term by term. Each derivative is itself uniformly convergent on[; 1)
with > 0 for each bond length and each derivative is continuous in tlemgths of the

bonds.
Proof. To appear in the upcoming paper [35]. O

Physical arguments aside, the rst derivative with respecto bond L- gives the
force tending to extend or contract a bond, and this shows that the force is contin-

uous in the bond lengths and can be di erentiated term by term
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D. Remarks

In this chapter, we have shown that the vacuum energy express we found converges,
rigorously derived the vacuum energy expression, and arguhat it is continuous in

the lengths of the bonds (as well as in nitely di erentiablg. These give a solid
foundation for the expression of vacuum energy using the ta formula. Though we
have gained many insights into the vacuum energy in quantunragphs, this approach
o ers no direct way to nd the vacuum energy density. This motvates the alternate
approach presented in section 111.C and chapter V of the metid of images which, in

e ect, re-derives the trace formula.
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CHAPTER V

THE METHOD OF IMAGES ON QUANTUM GRAPHS

Here we re ne, abstract and give rigorous treatment to the ntbod of images as
described in section I11.C. This will in e ect, re-derive the trace formula, but more
directly than that, this method can be applied to the cylinde kernel to obtain the

vacuum energy and its density. This chapter will focus on tkimethod and give as
two of its results: the vacuum energy expression and its detys We also discuss
briey the connection this has with the actual trace formulaand how the bounce
paths give us an index theory for graphs as is discussed in thaper by S. A. Fulling,

P. Kuchment, and J. H. Wilson [34].

A. The K transformation and a General Solution on a Quantum Graph

We begin our discussion with what is called th& transformation. We rst develop
the transformation for in nite star graphs and call it () (constructed for vertexi).
Upon going to general nite graphs, we will construct theK transformation in a
similar manner to how we constructed theS matrix in section II.C.

Consider the in nite star graph with coordinates starting wth 0 at vertex i
and increasing away from the vertex on each bond (see gure.7)here are boundary
conditions at the central vertex and a partial di erential equation on the bonds which
is separable in the graph coordinate (for example, (2.28)m®ates in the coordinate
as seen in (2.29)). Iu solves this same partial di erential equation on the wholeeal
line, we call it a free space solution. In our arguments we Wanly discuss the graph
coordinatex, suppressing the other coordinate from the partial di eretial equation.

An example is given in section III.C where the free space sban, Ty, given in

(3.20) solves %To(t;x) = %To(t;x). In graph coordinates this equation was just
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(2.28) which separated into (2.29). We will return toT, when we discuss the trace of
the cylinder kernel for arbitrary graphs and hence, the vaauim energy.
With u as our free space solution, the transformation is de ned to be the

non-trivial transformation such that,

8
2up)+[ Quie; i =0

U‘o(X) = (5.1)
3 [ Qulx); otherwise,

solves the patrtial di erential equation on the graph and sas es the boundary con-
ditions at the vertex i for all choices of . Using (), and we can obtainK  for an

arbitrary nite graph by,

8
2 Wiy i g ifc® =1

K u](x)= 5 (5.2)
-0 otherwise.

The introduction of i (2.6) here is due tou being on bond whereas in the above

construction of ) it was technically on bond , so j(t(jj )J? works on functions with
coordinates whileu is in  coordinates.

Now, we will construct the general solution under the methodf images in much
the same way as is done in section I1I.C. This part is merely rtigation and not proof
(the proof is given in appendix B). At the beginning of sectio 11I.C, we discussed

why p,.. can be reduced tq,, by de ning a separateu(x) := u(x y). The same

Fig. 7. An in nite star graph with 5 bonds.
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Fig. 8. The four types of metric paths fromy to x on a general graph.

argument holds for general graphs. Therefore, to get a salon that begins aty(= 0)
on directed bond and is measured ak on directed bond , we propagateu through

all metric paths between them; a metric path which accomplmes this is one of four

types:

1. The metric path starts aty going in the direction and ends atx going in the

direction.

2. The metric path starts aty going in the direction and ends atx going in the

direction.

3. The metric path starts aty going in the direction and ends atx going in the

direction.

4. The metric path starts aty going in the direction and ends atx going in the

direction.

In the case of a closed path, 1 and 3 would be periodic paths wias 2 and 4 would
be bounce paths. Pictures of these 4 types are included in gu8.
To continue this construction, we assume that for each metripath we have the

K transformation acting on u everytime it goes between two directed bonds, so if
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This will sometimes be written as

= K . As before, we can write the above 4 types as:

L.u7!  , ,u
2.uT7! p, , U
3.u7! o, , U
4. u7! o, , U

Now to obtain a general solution, we sum over the number of bds an orbit goes
over (n = 1to 1) and all the orbits of this size (we write asp, ; 2 P, 1). This

construction yields the general formula given in the theors below.

Theorem V.1. |If uis a free space solution to the partial di erential equatiorapplied
to our graph, then a formal solution to the same partial di eential equation applied
to every bond of a quantum graph with boundary conditions dtet vertices takes the

form (suppressing any other coordinate),

h3 X _
u (x)= [[ e, ., Uul)+[ 5, , fu i dlx)
n=1p, 12Pn 1
t[op,, fuibod i )+ UE]; i (x)]
%u(x) it =
+§u i (x) if =

-0 otherwise,
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for all andx measured on directed bond; u is also a function on directed bonds

(he.u =wu ).
Proof. See appendix B. O

The mappingi appears in this theorem becausé[ _u] outputs a function in
coordinates, so applying puts us back in coordinates. Similarly,i appears
sinceu is initially on bond , so forK ;| to act on it, we must rst apply i to it.
In the next section, we will nd an appropriate K transformation to analyze a
partial di erential equation which can be separated into ou well known eigenvalue

problem,H u = k?u .

B. Relating K Transformations to the S matrix

The above construction implies that all we need to nd is a () transformation for
every vertexi. Naturally, there is a connection to the vertex scattering ratrix,

when these matrices ar&-independent. The following theorem gives this connection

Theorem V.2. Consider (1) a quantum graph witH := H; = = Hz = @=@%
and boundary conditions which give k-independent scattering matrix,S, (2) a sep-
arable equationHu(t;x) = H.u(t; x) whereH, is some linear di erential operator on
u acting on its t coordinate (e.g.H; = @=@ for the cylinder equation), and (3) a
free space solution of the partial di erential equationu. Then the K -transformation
(5.2) is

[K ul(t;x)=S u(t;L + x)

Proof. To establish this, we consider an in nite quantum star graphon a vertex i

with boundary conditions as de ned in (2.14) and we will supgess thet coordinate
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in u. These become for our in nite star graph,

Au(0)+ Bu40)=0 (5.3)

Is the vector of functions on each in nite bond andu(0) amounts to evaluating all of
these at O (the vertexi).
The rst claim is [ Qul(x) = Qu( x). Sinceu is a free space solution, (5.1)

implies that we need to check if
uo(X) = ~oux)+ Ru( x); (5.4)

is a solution to the in nite star graph for all *. For one, since each term is a solution
to the above partial di erential equation, this too is a soldion to it on each bond by
superposition. Thus, we just need to check if this satis eshe boundary conditions.
If (5.4) is a solution for all * then the boundary conditions must be satis ed for
the matrix u= lu(x)+ ®u( x). To see if this ts the boundary conditions, de ne

the matrix C as,

C:= Au(0)+ BuX0)= A(l + Du@©@)+ B  D)uq0): (5.5)
By theorem I1.1, A(l + ®) = B(l )y = 0 for k-independent ). Thus, C =0
and therefore, the boundary conditions are satis ed, so @u](x) = FL?u( X) is a

legitimate transformation.

The K -transformation is then,

The j(tj(j )J.) term is the same as for th& matrix in (2.20),so K u](x)= S u(L +x)
if C{°) = 1, and both the K transformation and S give 0 whenC®’ = 0. Thus,
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[K ul(x)=S u(L +x)forall and . O

After establishing our K -transformation, we can rewrite the formal solution in

theorem VI.1 (suppressing the-coordinate),

X X
u (x)= [A,
n=1p, 12Pn 1

U(L + Lpn 1+ X)+ A Pn 1 u( Lpn 1 X)

n 1

+A, Ul Ly L +x)+ A, ulL +L,  +L X))

n 1

% u(x) if

+t_ulL  x) if = (5.6)

§

-0 otherwise.

In the expression, we introduce,

andL, =L ,+ +1L

1 n 1°

Issues of convergence aside, we will apply this expressionat general kernel to
obtain the trace of it. Di erent H; can be used for di erent kernels. For instance, to
obtain the cylinder kernel we useH; = @=@% This will lead to the vacuum energy
and its density.

The general kernel we discuss has the for@y(t;jx yj) in free space, and the
method above is applied to thex-coordinate. The solution will be the equivalent
kernel for the graph. The initial conditions that a kernel onthe graph satis es are,

8
% (x if =
:

y)
G Oxy)=_ (L x vy); if = (5.7)

X otherwise.
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In the expression foiIG (t;x;y), x is measured along bond andy is measured along
bond . Originating Go(t;jx Yyj) on bond and applying the method of images in
(5.6) to the x-coordinate gives a solution which satis es the above indl conditions.

+

As the rst step in obtaining the trace of G, we set = = """ andy = x after
applying (5.6),

X X
G- (t;x;x) = Go(t;0) + [Avwp, +Go(t;L+ Ly, )

n=1p, 12Pn 1

+ A‘ern 1‘ GO(t;l—pn 1+2X)+ A Pn 1‘+GO(t;|—pn + L)

1

+A o Goti2L-+ L, . 2] (5.8)

1

The rst and third terms in the above sum are due to the periodt paths while the

second and fourth are due to bounce paths.

C. The Trace of a Kernel on a Quantum Graph

Before discussing and proving the main theorem of this seati, we separate out the
parts of the trace,

Tr G(t) = GWeyl (t) + Ggp (t) + Gpo (t): (59)

The three parts of the trace are due to the Weyl term, the bourepaths (BP), and

the periodic orbits (PO) respectively. Writing these out,
% 2L
Gueyi (1) = G(t; 0) dx = LG(t; 0); (5.10)
0

1

¥ Zix X
Gep(t) = [A- Pn

=1 0 n=1p, 2P, 3

« Go(t; Ly, , +2X)

1 1

FA b GotiZl Ly, 20]dx (5.11)

1
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and

X i X
Gpo(t) = [Avp, 1+ Go(t; L+ Ly )

=1 0 n=1p, ;2P 1

+ A, +Go(t;Lp, , + L) dx: (5.12)

Clearly, we have

x 2L
GweyI (t) + GBP (t) + GPO (t) = G- (t; X, X) dx:
2g O

To establish the next theorem, we will need one crucial lemma order to obtain

that the bounce paths reduce down to a nice closed form.

Lemma V.1. If the scattering matrix S of a graph isk-independent, then

XB
AL L. LA
n=1
Proof. We knowA , ., ,,=S.,..S...., S,,S,,bydeniton. Thus,

we can write our sum as,

X8 XB

A,., .=A,. ., . S..S. ..
n n=1

For both elements in the sum on the right-hand side to be nonme we must have

t( h 1)=o0( 1)=:iand , 2 S*(i). Thus, usingj nj
S* (i) to S(i),

J nj and the equivalence of

B
X S S — X (1) (1) — X (OREN()!
1 1 joadi ni o Jonlionoaj joait Cionoal”
n=1 n2S* (i) *25(i)
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It has already been established in theorem II.1 that ()2 =1, so

OI O .
T I A S
*25(i)

O

Theorem V.3. Assume the conditions of theorem V.2 and tha(t;jx vyj) is the
free space kernel oHGy = H;Gy. Assume further that (5.8) converges uniformly for
x 2 [0;L-], then the trace of the corresponding kernef;, for a graph is

1" x "z X L

Tr G(t) = LGy(t;0) + 5 ) S i Go(t; x) dx + p Apr—:’Go(t;Lp):

The sum overp is a sum over all periodic orbits and\,, L,, and r, are respectively

the amplitude, length and repetition number of the periodarbit p.

Proof. The condition that (5.8) converge uniformly forx 2 [0;L-] allows us to ma-
nipulate the sums and integrals. Such a condition may be able be relaxed in favor
of conditions onGy.

First, this will be broken up into two parts. We have already stablished that
Gueyl (t) = LG(t; 0), we just need to work with the periodic orbit part and the lunce
path part.

Periodic Orbit Part

From (5.12) above, there is nox dependence, so we can integrate through by

and simplify,
bS X e
Gpo(t) = [A b

n=1p, 2P, 1 =1

+ Avp 1‘+]G(ti|-pn .t L-)L-:

n 1

The two amplitudes given here decouple if instead 0fwe sum over the directed bond
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+ A‘+pn 1‘+]G(t;|_pn N + L)L

XB
= A
n=1

G(t;Lp, ,+L L .:

nPn 1 n

Using this and combining , into p, ; to get p,, the sum becomes,

X X
Gpo(t) = Ay Gt Ly )L -

n=1 p,2Pn

Now we break up the sum ovep,, into a sum over periodic orbits,p, and a sum of
vectors in these orbits. Note from appendix A.1 that ifp, 2 p, A, |, = A, and
Lp. = Lp, and thus,

X X X

n=1 p2Pn p,2p

In the last sum, L . = Lp, Wherepy is the primitive periodic orbit such that

Pn2p n
p= py°. This length can be represented als,, = Ly=rp, so the sum simpli es down,
X X

L
Gpo(t) = Apr_pG(t; Lp): (5.13)
n=1 p2P, P

Bounce Path Part
Similar to the rst lines of the periodic orbit part above, we can collect terms
and decouple the amplitudes, so changing ourto , as before,
1 R X XB Z, |+2L,
Gep (t) = > A by in G(t; x) dx:

n=1 p, 2Py 1 n=1 Loy 1
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We now simplify this expression by considering the cuto fuction,

8
S1; X 'y
H(y x)=

EQ X>y:

Instead of G(t; x) in the integral, consideré(t;x) = G(t;x)H(y x). Then we know
that there existsm 2 N such that (m 1)Ly, YyandmLpp, >y, thenforn m
and allp, 2 P, and .1, we havelL, >y and that implies,

Z Lp,+2L

" B(t;x) dx = 0:

Lp

n

This cuts o our sum in n at the value n = m and we now utilize the two cases:

R + R
Ify<L, ., then LLppn:” 11 2bom G(t;x) dx =0 = Lyp 1é(t;x) dx.

ify Lp, ,,then(m 1)L Lp, , and so usingmL,, >y we obtain

1

y<Lp. ,+Lmn<Lp ,+2L ., and we can then equate the two integrals:

Rme 1+2L

me 1 L

" G(t; x) dx = Ryp 1 G(t; x) dx.

Both of these cases show that,

m Z y
G(t; x) dx = G(t; x) dx:

me 1 me 1

Z, L+

Therefore, we have the bounce path part with the given cuto,

Z
1 X X8 Loy 1%2L o
Gep(t) = > Ao L G(t; x) dx
n=1p, ;2P, 1 n=1 Lon 1
Z
1X1 X X8 Loy 1%2L ¢
=5 Ao L G(t;x) dx
n=1 p, 12Pp 1 n=1 Lon 1
1 X XB Z y
+ 3 A b im G(t; x) dx: (5.14)

Pm 12Pm 1 m=1 Lom 1
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Utilizing lemma V.1 and concentrating on the second set of ms in (5.14),

X XB Z y
Ao L n G(t; x) dx
Pm 12Pm 1 m=1 Lom 1
X XB Z y
= AL o s G(t; x) dx: (5.15)

Pm 32Pm 3 m 2=1 Lom 3+2L o

This was the mth term in the series. For them 1 term, the bullets above can be
modied to show that y <L, ,+2L _ , and this gives the result,
Z Lpm 2%2L o 4 z y
G(t; x) dx = G(t; x) dx:
me 2 me 2

Similar to (5.15), we can separate out then 1 term and write it as,

X XB Zy
Ao, w s G(t; x) dx
Pm 22Pm 2 m 1=1 Lom 2
X XB Zy
= A b s m s G(t;x) dx: (5.16)
Pm 22Pm 4 m 3=1 Lom 4*%2L o 3

The next step in this argument is also the inductive step. If @ separate out than 2

term and add it to the simplifed m term in (5.15) note that we get two integrals added

+2L 2 Ry Ry .
m24 = . Then lemma V.1 can be applied

me 3+2L m 2 me 3

RLPm 3
together: | "
again. This is done for both them term and m 1 term separately all the way down

to the rst and second terms, which gives,

XB Zy XB Zy
17 A L. Gt x) dx + 1 L. G(t;x) dx:
2 0 2 L,

1 1=1

Gep () =

Clearly, , , =0and inthe rstterm, we cantakey!1l to get back Ggp(t):
n XB # Z l
S G(t; x) dx (5.17)
=1 0

1
Gep(t) = >

With (5.13) and (5.17) we have TrG(t). O
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As discussed above, the condition of uniform convergence (8) may be able
to be relaxed to conditions onGg. This should even go back to conditions oa which
make (5.6) converge. In the discussion to follow, it is takefor granted that (5.8)

converges uniformly onx.

D. Applications of the Kernel Trace including Vacuum Energy

A number of things can be found through the expression in theem V.3. To begin,
recall from (2.19) that in the case of Neumann condition8i 2 V and *; %2 S(i),
@=2 . wherey, = jS(i)j is the valency ofi.
Looking at the bounce path contribution then,
X8 X X 0 X9
S = = o lw=2(v B): (5.18)
=1 i=1 "25(i) i=1 :
The term VB is the Euler characteristic of our graph, and this constantearm is
related to an index theory on graphs as is discussed in [34Jndeed, there is such
an index theorem for any quantum graph withk-independent boundary conditions,
although the index is not equal to the Euler characteristicri general.

This bounce term is a ‘trace' in the sense that it is a sum of tces as observed

in (5.18). This motivates the de nition,

_ XB X/ .
Ts= S = T ® (5.19)
=1 i=1

R
For the bounce path contribution to add up to a constant the itegral, 01 Go(t; x) dx,

must be independent of the extra variablg. For example, this is true for the free
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space cylinder kernell, and the free space heat kernd{ o,

t=

To(t;jx  yj) = Zrix Y2 (5.20)
. . 1 x_y)2
Ko(tijx i) = po—e "= (5.21)
In the case ofTy, Hy = %, and in the case oK, H; = @@r We can also apply this
method to the resolvent kernel given by,
Go(K%jx  yi)= e ¥ (5.22)

Since this is an integral kernel, to get it in terms ok we need to consided(k?) =
2k dk. Thus, Go(k;jx vyj) = iex Yi, Applying this by itself will give something
divergent (it will be a sum of delta functions). To get aroundhis, we apply Go(k; jx

yj) = ielkix vi X ¥i for some small > 0. Now from,
1 X
ZIm Tr G(k) = (k ko) (5.23)

with (k) = -z sothatas ! 0, (k)! (k). The fk,gis the spectrum given
by the eigenvalue problem we have considered throughout. ibg this, we obtain by
theorem V.3,

X L 1. 1X L
(k kn)= —+ é(Tlr S) (k)+ = Apr—p coskLp)e “r: (5.24)

n P P

This is the convergent trace formula, and if we let ! 0 we get the trace formula
(4.112).

Returning to the vacuum energy, we applyl, to theorem V.3,

L1 XL, =
Tr T(t) = T+ ZTr S+ Apﬁt2+ L2

(5.25)

Indeed, the bounce paths now cancel when di erentiating analsing (2.34) to getE (t)
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and then applying (2.25) to get

X

1 A
E.= — P 2
¢ 2 ; Lol (5.26)

our familiar E. for quantum graphs. We can also go back in our derivation to (8)

and apply Ty to obtain T-(t; x; x), and hence -(t;x) = %@@;I? (t; x; x).
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CHAPTER VI

CONCLUSIONS
We have found by the trace formula and the method of images theacuum energy
expression for general quantum graphs witk-independent scattering matrices using
an ultra-violet cuto , «
E.= zi %:
p

Both methods given were rst done in chapter Il in the contex of quantum star
graphs without the same amount of rigor as was covered for geal graphs in chapters
IV and V. Several results though were special to quantum stagraphs. In modeling
this system with tiny pistons as the end vertices, we nd (wih Neumann conditions)
that the vacuum energy causes a repulsive force for a largarmber of bonds (when
B > 3 for the equal bond case). In addition, through numerical ¢eulations [1] one
nds that this expression converges if the periodic orbit legths are cut o at some
L max -

Through rigorous application of the trace formula, we formidy found the vac-
uum energy expression for general graphs (wiktindependent scattering matrices) in
chapter IV. This proof also showed that the expression is uiermly convergent in the
lengths of the bonds for eacl.- 2 [; 1 ) and thus continuous in those bond lengths
on the same intervals. This hints that the vacuum energy doeasot vary wildly for
small perturbations in the bond lengths. As expected thoughas one of the bonds
"o shrinks soL-, ! 0, then the expression does diverge. This can be seen by just
considering the orbit on’o, p=("5; o), then Lp1 'l . The same thing happens in
the very short distance limit in standard Casimir-e ect catulations disregarding the

atomic makeup of the plates.
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Furthermore, the vacuum energy has continuous rst derivaves in the lengths
of the bonds (and by theorem IV.3, all derivatives are also atnuous). The Casimir
force is found by di erentiating the vacuum energy with respct to a changing length,
and thus, this expression is also continuous in bond length&ll of this will appear
in the upcoming paper [35].

Putting in equal bonds into the equation for the vacuum eneng corollary 1V.1
relates the vacuum energy to the eigenvaluek, g, of the scattering matrix S,

1 XX
2L n2

=1 n=1

By inspection it is clear that this is convergent sincg | =1 becausesS is unitary.
We also applied the method of images to our quantum graph in apter V.
This method takes a free space solution to a problem and outjgua solution which
applies on the entire quantum graph. In principle the methodf images can be
applied to scattering matrices that arek-dependent. The biggest problem here is
handling the resulting K transformation becomes dicult. It is possible that by
using an asymptotic approach information about the vacuumrergy with these other
transformations could be obtained, but this has yet to be Id@d into. With the
knowledge of how the cylinder kernel is related to the vacuumnergy, the cylinder
kernel for a graph can be obtained by this method and analyzedr the vacuum
energy. This method reproduces the result of the trace forfau An advantage to
this approach over the trace formula comes from the fact thabne can obtain the
vacuum energy density to analyze. It is not clear that the exgssion for the density
reduces down to such a nice formula lik&., but seeing how it behaves, even just
numerically, would be of interest. Another advantage of tls method of images is

that it is applicable other systems than graphs (such as hiirds, manifolds, etc.).
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Now that there is an expression for the vacuum energy in quamnh graphs, it
should be possible to see what connection it has to the spetistatistics of the
system. With the connection that quantum graphs have to othresystems, this could

shed light on how other systems' vacuum energy behaves.
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APPENDIX A

COMBINATORICS

1. Periodic Orbits as Equivalence Classes

The information in this part of the appendix is not new but is gaced here for complete-
ness and to help understanding of the ner points of the perdic orbits as equivalence
classes.

Consider the vector of directedp = ( q1;:::; ). If each C(?+)l . =1,then pis
a path, and if C(?)n = 1, then it is periodic. We need not assume this vector is a

periodic path since we havé\, := S, |S S, , and this is zero ifp is not a

o1
periodic path.
Now take to be the permutation transformation on a vector of directedonds,
so that
(1 20 2))=0 21555 a5 1) (A1)
Now, there exists a minimumn, 2 N such that " (p) = p. With this, we have

the equivalence class de ned by on p, so

p=1fp; (p); %P);::s; ™ Y(p)g: (A.2)

We havenyjn and r, is de ned by rp,n, = n. This is the repetition number of
the path much like we have discussed in de nition 11.12 when @ de ned primitive
periodic orbits.

Observe thatA, = A () = = A np 1p) = Ap and similarly, we can equate
L, = L, since lengths of all paths inp are the same. Alsor, = r, is still the

repetition number of the periodic orbit as is described at th end of section Il.A.
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2. Equivalence of Trace Formulae

The trace formula in (4.11) is equivalent to (3.12) given herwith the term,
X L 1 X L. .
d(k) := (k kp)= —+Re- Apr—pe'kL P Le; (A.3)
n P P

This trace formula is derived fork-independent scattering matrices, and when the

boundary conditions are of the type given by (2.14) we have( = ( )Y for all

Clearly, L, = L, andr, = r,. Furthermore,

_ (1) ((2) ()
IS 12 S . ’

n1n Pondi 2l Joadi 2 ionoadi nis
Now in the abovet( 1) = o( ) = t( ») and similarly t( ;)= of ; 1) = t( ; 1) for
1<j n. Using this, the factthat @ =( O), andj j=] |,

A, = (tC n)) (t( 1)) (t( n 1)

Joali nj o2l ai ionjionoal
:(Slnsnnl SZ:L) :(Ap)
Now de ne,
X L "
S:= Apr—pe' Le Lo: (A.4)
p
p
This can be rewritten so that,
X L. . X L. .
S= A _pe'kLp Ly = (A)_pe'kl-p Lp:
p r p r
p p p p

Adding these two together, we obtain a new expression f&

X _
S= Reprg?ékL P Lo
p p



73

Then,
X L
ReS= ReIEApgr—IO coskLy)e -»
p p
1X L 1X L
= -  Ay,-PcoskLpe "*+ = (A, —PcoskLp)e -°
2 o 2 In
Xp XIO
1 L 1 L
=2  Ay,-PcoskLpe "*+ > (A,) P coskL,)e bv
2 o 2 o
p p
Lp L
= Apr— coskLp)e -°:
p p

This shows the equivalence of (4.11) to (3.12), and throughsamilar argument

Ap

P
it can be shown that
P Lprp

is real, so (3.17) and (3.32) are also the same and the

real part can be dropped from (3.15).
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APPENDIX B

PROOF OF THE GENERAL METHOD OF IMAGES FORMULA

In this appendix, we prove theorem VI.1. Before proving it, @ prove a lemma which

will aid in our proof.

Lemma VI.1. Consider (1) a free space solution, to a partial di erential equation
and (2) a nite quantum graph with the same partial di erental equation applied to

each bond. Then for 2 S (i),

g(x)=u i (x)+[K u](x);

satis es the partial di erential equation for all 2 S* (i) and the boundary conditions

at vertexi.

Proof. Let " :=j jand "%:= j j and using the de nition of the K -transform in (5.2)
at a single vertex { in this case), K u] =] Ofu i g]. Also, = -oand dene
u:=u i . Thisuis also a free space solution and we have,

g= ou+[ Qup

By de nition of the () transformation, this satis es the boundary conditions at he

vertex i when you consider all 2 S* (i). O

Theorem VI.1. If uis a free space solution to the partial di erential equatiorapplied
to our graph, then a formal solution to the same partial di eential equation applied

to every bond of a quantum graph with boundary conditions dtet vertices takes the
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form (suppressing any other coordinate),

X X _
u (x)= [[ p,, UIX)*+[ p,, fu i gl(x)

n=1p, 12Py 1

H[op,, fu gl i Q[ 5 Ul i (X)]

c
—~
X
N
=
11

VAV AW 00
C
~
X
N
=
I

0 otherwise,

for all andx measured on directed bond; u is also a function on directed bonds

(le.u =u o).

Proof. To begin with, we rst establish that this function is a function on directed

bonds.
Consider,
X X
u (x)= [[ o, , UI)*+[ 5, , fu i gi(x)
n=l p, 2Py 1
t[ op,, fu i g i )+ o UE]; b (X)]
%u(x) it =
tou i (x) if =
-§o otherwise.

To compute u i, notice that i I (x) = x and that = s equivalent to
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= while = isequivalentto = ,so
hS X
u i (x)= [[ p,, ul )+ o, fu i g i (x)
n=1p, 2Py 1
t[op, . fU B di)*+[ o, , UA(X)]
%u i (x) if =
o ux) if =
g0 otherwise.
From this, it is easily checked thatu I (X)=u ,soitis a function on directed

bonds.

We now break up the sum into many parts (suppressing the),

(m X i
u- = [ o, Uul+[ o, fu i ¢
pHZPn

+ [ o, ul+[ , , fui g i ; n>0 (BI)

u® =[K ul+[K fu i gty i (x); if = (B.2)

o) otherwise.

P . :
Clearly, we haveu = u™. These functions by themselves are not functions on

directed bonds. Individually though, we claim that eachu™ satis es the boundary
conditions at any given vertex and thus, by superpositiom satisfes the boundary
condition at all vertices.

To begin, we look at then = 0 case. We shall look at the generic vertek, so we

only have to look at 2 S*(i). There are three cases to consider for this,
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2 S (i). In this case,K =0 and we can apply lemma VI.1 withu, = ,
and = to obtain,
u@ = u i ()+[K ul+[K fu i g

By lemma, for all possibilities of 2 S* (i) this satis es the boundary conditions

at vertex i, and is a solution to the partial di erential equation.

2 S*(i). In this case,K =0 and we can again apply lemma VI.1 but now

withu i , = ,and = to obtain,
u® = ux)+[K fu i g +[K u:

Again, for all possibilities of 2 S* (i) this satis es the boundary conditions at

vertex i and the partial di erential equation on the graph.

] ]2 S(i). In this somewhat trivial case,K =0and K =0, so
u =[K fu i g+[K u]

satis es the boundary conditions ati (though trivially).

Having established (B.2), we now handle the > O cases.
Again, we look at the same vertex and consider 2 S*(i)and , 2 S (i).
Consider the function,
X .
gn: [ nPn 1 u]+[ nPn 1 fu I g]
Pn 12Pn 1

Despite the indexing on this formula,g , is de ned on the whole real line and is a

free space solution to the partial di erential equation, save can apply it with =,
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and = to our lemma VI.1,
9 .= .9, i,,+t[K [g,] (B.3)
Thus, g , satis es the boundary conditions at vertexi and the partial di erential

equations. By superposition, so does the following functip

X o
g n = g I + [K ng n]’ (B'4)

n2S (i) n=1

where we have used the factthak , =0when , 2 S (i).

Evaluating each term,

X h i
g i = [ o, , U+l fu i g i ; and (B.5)
Pn 12Pn 1
XB X
K .9.]1= [ p, ul+[ o, fu i d (B.6)
n=1 Pn2Pn

From this it can be seen that,
uW=g i+ K g,k

Thus, eachu™ satis es the boundary conditions at vertexi and satis es the
partial di erential equation. Thus, by superposition of sdutions, so doesu . Fur-
thermore, it is a function on directed bonds, so it is a leginta formal solution to the

entire partial di erential on the graph. (Formal in the sense that it might diverge). O
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